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INTRODUCTION 

Problem 

The US Anny Research Laboratory, ARL, is currently responsible for testing the annor the military uses. This research is concerned with determining the limit velocity, YL, for 
different types of armor. The limit velocity is the fastest velocity a round being shot at a certain type of annor can have without penetrating that annor. Knowledge of the limit velocity wiU provide a metric for the optimality of a given type of annor. In addition, the limit velocity can be used to establish the maximum velocity an enemy projectile can have without allowing a 
penetration. 

Unfortunately, there have been no effective first principle derivations for limit velocity developed, therefore empirical testing is used to find an accurate prediction. However, this 
experimental testing ia extremely expensive due to the number of real rounds fired, the armor 
that is used for the testing. and any equipment used for measuring data. Therefor.e, a method . must be developed to minimize the sample size of shots fired while still allowing a true 
prediction for limit velocity. · ·• . . .. 

Cun'ently there arc two techniques for this testing: The Jonas- Lambert Metho.d:which . 
uses the 'speed of the round both•before and after penetration and Bisection MetbQd. orv..A:. which .. ~ • 

>Y does not. The latter is much les(l expensive. This study will compare the current·.meth~ and . . ·conclude Which one is optimal in tCnns of accuracy, cost, and statistical signiflQI.icC~ ·, · · · . 
A~~ti~IY:, different ~ques thit are not~ used will be. d~eloped •. ;~ . .aew-niethods . will also be compared wtth the two current techniques to determme 1f a '"better'.' $)'Stem .for : . · . 

. ~ting~.Jsts. . . .. ·.~1!.: \.' •• ;:.· . . ... -
Ba:clc~.und Infonnation . . 

~ .·~ . · .. :-:h::-· : 

The limit velocity is de~. as the highest striking velocity a piece of armor can Withstand without allowing a complete penetration by a ballistic rou:Dd. Thus, each piece of armor will have a different limit velocity based upon the type of round fired at it This 
relationship is seen in Figure 1 below: 

• 
• 

• 
• 

• 

Figure 1: Ys v YR 

V R represents the residual velocity, the speed of the round after penetration occurs, and Vs is the striking velocity, the speed of the round before contact with the annor. Every striking 
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velocity that has a positive residual velocity represents a complete penetration. As the residual velocity becomes smaller, the striking velocity approaches the limit velocity. The limit velocity is the fastest striking velocity that has a residual velocity of zero. 
Finding the limit velocity in a perfect world with the above infonnation would be fairly 

simple. All that would be required is a function that describes the relationship between the 
striking velocity and residual velocity. The root of this function could be solved for and this would be the limit velocity. The impact dynamics in this type of testing, however, do not act in a perfect way. An extensive search of the literature reveals that an accurate relationship between 
the striking velocity and the residual velocity has not yet been derived. Figure 2 shows i1 scatter ·plot of a typical striking velocity versus residual velocity relationship. In the real world there is a significant amount of error involved and there exists a zone of mixed results . 

'· .. .. . · .. •• .. . • • • 

• • 

• 

',• • •' o I ... 
(
.·-; 

. \ . . . . . · 
·' 

. '· 

.· .. ,·.·· 

Figure 2: Zone of Mixed Results· 

The circled region in Figure 2 is referred to as a "zone of mixed results." As a result ·or : · unknown factors. some test shots fired at lower striking· velocities can produce larger residual · .. · · velocities. This makes finding a relationship betWecm the residual and atrilcing velocities very 
· difficult The Jl'lllor is not flawless and thus some striking velocities that are above the limit velocity will not completely penetrate the armor. Likewise, some stn'king velocities below the limit velocity wiJl completely penetrate the armor. This zone is real and wiJI not disappear. Every test researched contained this error to some extent. For the purposes of this research. this . zone is assumed to be small enough to not greatly affect the results and will not be ilicluded. 

METHODS 

Bisection, or V50 , Method 

There are two common methods for testing limit velocity. Neither technique has been 
proven "optimar' yet. The cheaper of the two methods is The Bisection, or Y 50 • Method. Baaed 
on the Intermediate Value Theorem. this technique looks for the limit velocity by treating the Ys v VR plot as a continuous and differentiable fimction,.f. The fimction is defined by an interval [a.b] witbJra) and.flb) of opposite signs. However, for this curve, zero values are considered to have negative values because there are no negative residual velocity values. By the Intermediate 
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Value Theorem. there must exist a point,p, in [a,b] wherej(p)=O. Thisp represents the limit velocity. Wbenj(p)=O, the striking velocity will equal the largest value that has a corresponding JIR =0 and thus VL = Jl8• The method repeatedly halves the subintervals of [ a,b] while maintaining p in the subinterval of interest Eventually this will. find p to within a reasonable degree of accuracy. 
When testing armor, this method starts with determining the brackets that the limit velocity is thought to eXist in. A good ballistician is assumed to be able to predict brackets to within+/- SO mJs. This bracket was chosen based on the recommendation of Dr deRosset, an ARL scientist who is active in this type of testing. Each round is then shot and if a complete penetration occurs, the lower half of the bracket is halved and a new shot is taken at this lower midpoint value. If a complete penetration does not occur, the upper half of the bracket is halved and the next shot is taken at this higher midpoint value. This technique is seen in Figure 3 below: · 

1 )( I 
I 2:)( 

I 
,. 

I )( 3 .......... 

I .. \·' 

I .......... ~· . . - · . . ... .. 
· Figw;e 3 :_ The Bisec:~i~n ¥ethod 

The bracketed area is first ~~with. th; .,t lBbeled "1."' The X shows the ac.nial limit velocity. The first shot wiU not have a complete ~ctration because the 1 is to the left, is lower, of the limit velocity. The second shot, labeled "2" will then halve the upper half of the original bracket This iterative method will continue until an answer of desired precision is detennined. This method is relatively cheap because of the required data and ecpripment This test is only concerned with whether or not a penetration occura. Therefore, only the price for each shot and the piec:es of annor used cover the price of the entire test 

The Jonaa -Lambert Method 

Th~ Jonas-Lambert Method is more expensive than the Bisection Method. This test requires the measurements of the residual and sb;iking velocities as opposed to only being concerned with whether a complete ·penetration occurs. This technique tries to find a relationship between the striking velocity and the residual velocity. If a function is found that predicts the residual velocity from the striking velocity, the root .of this function will be the limit velocity. A graphic representation of this is in Figure 4 below: 
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Ys 
Figure 4: The Jonas-Lambert Curve 

It can be seen in Figure 4 above that the root of the function is equal to the limit velocity. 
The equation of this line is ofthe. fonn: 

V, ={a(V/ -1'/)Y, +e,Vz: < Y.s 
o.o~ v, ~YL 

This equation is derived from The Law pf .CPnsCIVation of Energy. The. derivation and 
an explanation of it is included in Appendix A. 

This method requires at least three shots where the striking velocity is greater than the 
limit veloeity to effectively estimaw the limit velpqity,_ Thtee shots are reQuired in order to give 
three separate equations which in tum allow fi?r solving the three unknown ~ 
excluding the error term. After defining The Jonas -Lambert Curve, the limit velocity can be 
found by simply finding j" root. .. . ... . . . . . -· . ." .. . . . . . . 

An efficient application ofThe Jonas- Lambert Method involves taking three shots that· 
completely penetrate. These three shots will proyide. the necesSary data to solve for all the 
unknown parameters except the enor tcnn. The calculated limited velocity is then used as the 
next shot's striking velocity. If a complete penetration oc:curs on this next shot. the variables are 
re-solved and the ricxt shot will~ at the·latest calculated value of the limit velocity .. If a 
complete penetration does not occur, re-shoot at a higher velocity until a penetration occurs. 
Once a penetrations OCCUJ"S, continue with the method. Shots will continue to be fired until an 
answer of desired accuracy is found. 

Vs v V" Relationships 

The first method is looking for a relationship, similar to the one used in the Jonas­
Lambert Method, between the residual and striking velocities. Han accurate function which 
describes the residual velocity based on the striking velocity can be found, the root of this 
ftmction will provide a more accurate estimate of the limit velocity. 

This method requires the same testing techniques and data and thus will be similar in 
price to The Jonas - Lambert Method. The difference is that common relationships are used to 
descn"be the data rather than some complex equation. This method looks at linear, exponential, 
power and logarithmic relationships. 
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Golden Ratio Method 

The Golden Ratio Method is an extension of The Bisection Method and is very similar. 
This method uses The Golden Ratio, a ratio that appears consistently throughout nature, as the 
way of determining the bracket used rather than simply using a halving technique. Like the 
Bisection Method, this method is only concerned with whether or not the round penetrates the 
piece of armor or not. Therefore, the price of this method only deals with how many shots are 
taken. Additionally, the same initial bracket of+/- 50 m/s will be used to remain consistent with 
the evaluation of The Bisection Method. 

The algorithm for this method starts with an initial bracket of+/- 50 m/s and shoots at the 
middle. The initial bracket is divided into an upper and a ]ower 61.8 % (the golden ratio) 
portion. If the first shot penetrates, the lower portion is used Q the second bracket and if a 
penetration does not occut, the upper portion is used. The second shot then shoots at the middle 
of this second bracket. Once again, if a penetration occurs, the lower 61.8% of the second 
bracket is used as the third bracket, and if no penetration occurs, the upper 61.8% portion is used. 
This iterative technique continues until a limit velocity of desired accuracy is- detennined. This 
process is seen in FigureS. 

~ : . )( 1 . ~ .. . I 
I ·. ·)(: .i. 

; I, ,• ... f. 

I )( J . .. -
I' 

,. 

.~( 

Figure 5: The Golden Ratio Method 

The lower of the two overlapping lines represents the upper 61.8% of the bracket and the 
higher of the two is the bottom 61.8%. The first shot, labeled "1," bisects the initial bracket in 
half. The "X" represents the limit velocity and thus, the first shot is a penetration. The lower 
portion is then used as the next bracket. The "2" marks the secOnd shot which halves the bottom 
61.8% of the bracket. This shot is a penetration as well and thus the ]ower portion is used for the 
third bracket. The second green line down becomes the new bracket and the third ·shot will then 
half this new bracket. This iterative method continues until the limit velocity is found to within a 
desired level of accuracy. 

Residual Energy" The Angle of the Projectile Relationships 

This method deals with trying to find a relationship between the angle of the projectile, 
with respect to the &rmor, when it strikes the target and the residual energy. The residual energy 
is the energy of the projectile after it penetrates the armor. AJJ the round hits the annor, energy is 
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absorbed by the annor, the round breaks up, and energy is contained in all of the round 
fragments. 

Using the principles of conservation of energy, an equation is derived that gives the limit 
velocity as a function of this residual energy and the striking mass ofthe round. The equation is 
oftheform: 

VL = ~ v-;;;; 
· The derivation of this is in Appendix B. Therefore, if a relationship can be found which 

describes this residual energy,· E, based on the angle, then the limit velocity can be found. 
This method investigated may be costly because data must be gathered on the striking 

angle of the round. The particular factors of the angle in this method are the pitch, yaw and 
resultant of the projectile as it strikes the armor. 

Residual Energy v VR Relationships 

This method investigates a relationship between the residual energy and the residual 
energy. The· goal is to find a function that deseribe the residual energy based on the n:sidual 
velocity. The root ofthis function will yield the residual energy at the limit velocity;. which can 
~~~to~bthe~~~ ' . 

This method requires some CoStly data collection :as well. The residual and:atriking 
velocity as well as the striking and residual mass of the round must be measured:to.define the 
function. The residual velocity is obviously needed because it is the independent vatiilble. · The 
other pieces of data arc needed .tO aolve· fotthe residual ~ergy. The residual energy .is .fo~. using the equation of the form: :•. . .... r;- -~ •. •, 

. 1 ,',2 1 2 . .. ,. 2M,V8' - 2M ,Y. • . r= LE 
The derivation of this equation is located in Appendix B. 

RESULTS 

Bisection or. V 50 Method 

The Bisection Method can produce a limit velocity to any desired accuracy. The 
algorithm increases accuracy with every iteration performed. To test this method, a code in 
Microsoft Excel was developed that takes successive shots until the desired accuracy is 
produced. For the test, sample limit velocities were used from data given from ARL. A few 
examples of this code is in Appendix C. Table 1 shows the results of all the tests conducted. 
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trial 
1 
2 
3 
4 
5· 
6 
7 
8 
9 

10 
11 
12 

average 

shots for a 
toleran ce of5 mls 

3 
3 
4 
3 
2 
3 
2 
3 
2 
3 
3 
4 

., 

shots · · 2. 916666667 

shots for a 
tolerance of 1 m/s 

5 
6 
5· 
6 
5 
6 
6 
3 
6 
6 
6 
6 

.. . ' 
5.5 

· .. : Tl,lb.le .b B.i~ion R~ults 

. d.produces .a result within 5 mls of the true limit ... · . 
. I;. It can be seen in Table t.th~t'thjs.metho 

nt of.i!l~~t wi .. these results is th~ consistency. 
. ·velocity with 2.9 shots on.average.; .A poi 
· -There are no outliers jn the data.. The ~9 $t;S;ho~ ~er.ne~ed to reach this BCC1U'8CY of 5 mla is --. , .. pnly4 shots. ' · . ,._,. ;~ .: ... !· :··. ( ... · .. :.;·. . . I :. \ 

The Jonas -lAmbert Method : : ," : : 
'· I 

'I 
J' ... 

. . 

. .. . 

The Jonas - Lambert Method dOe& .not accurately and completely describe .the behavior ·' r~ For ~pie, two shots that have the exact same 
ora' projectile penetrating a piece' ofirmo 
striking velocity may result in different rest 
method has problems. To test this method, 
information needed to use The Jonas -Lambert 
The Jonas- Lambert Method's estimate was 

·dual velocities. This is the main reason. why this 
data sets obtained from ARL, which include all the 

Method, were used. This data is in Appendix D. 
compared with the actual limit velocity. The results are shown in Table 2. 

VL 
complete estimate VLact eaor 

__ )) _{mls) (m/sl (m/sJ 
. 
ODS shots a 

4 6 0.8 9 2.59 1365.684 1373 7.316 
3 s 0. 9 2.49 1082.559 1088 5.441 
3 5 0.86 2.39 1303.539 1324 20.461 
3 8 1 2.99 1136.125 1164 27.875 
3 9 0.8 8 2.59 1178.759 1239 60.241 
2 9 0.9 7 5.69 1341.986 1355 13.014 

avera e 7 22.39133 
Table2: J onas - Lambert Results 
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With the data supplied by ARL, The Jonas - Lambert Method was used to estimate the 
limit velocity for each shot To arrive at the limit velocity estimation seen in Table 2, every shot 
from each data set is used to calculate a limit velocity and then the average from the entire data 
set gives the final estimate. A table showing this data, along with a sample algorithm for this 
method, is in Appendix E. 

The data shows that this method on average takes 7 shots to reach· a limit velocity that is 
accurate to within 22.4 m/s. However, this data can be deceiving. First, this average error, is 
just that, an average. Table 2 shows that outliers existed where the method was only accurate to 
within 60 mls. The average number of shots is a better representation of the data, because the 
most shots ever taken in the testing was 9. However, there is no substantial relationship between 
the number of shots taken and then accuracy of the estimate. For example, S shots produced an 
estimate accurate to within 5.4 ntis and 9 shots gave two different less accurate estimates: 60.2 
m/s and 13.0 rnls. This is different from what is expected; in theory, as the number of shots 
increase, the accuracy should increase as well. 

Vs v VR Relationships 
.. 

This method was st6pped before ~y-results were calculated because the findings. were so ~ inaccurate. The problem is that the Vs ~ VR data does not fit into a ·~onnal" (logarithmic,- · . , · 
expon~tial, power, or linear) fwl~o~~· Out of$ese functions, the best relationship w~ the· . : · logarithmic. The results for this methOd ·are shown in Table 3. · · . •. ' . . ,· ... .. ·. 

. 
: VL VL 

.. actual estimate error 
trial shots _~,enetrations (m/s) (mls} (mls) 

1 6 4 1366 1343.46 22.54043 
2 s 3 1083 1074.171 291.8289 
3 s 3 1304 1247.197 118.8031 

5.333333 144.3908 
Table 3: Vs v VRResults 

Only three sequences of this method occurred because the results were already 
unacceptable. As you can see the average error was already with 144.4 mls aod one estimate 
was off by almost 300 mls. This is unacceptable be<:ause ballisticians can usually guess to 
within 100 m/s. Sample calculations for this method are in Appendix·F. 

Golden Ratio Method 

This method was tested in the same manner as The Bisection Method. Microsoft Excel 
was used to perfonn iterations of the algorithm until a desired esti!Date was calculated. A few 
sequences of the test is in Appendix G. The results of this method are shown in Table 4. 
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~I o 

I •' 

shots for a shots for a 
trial tolerance of S mls tolerance of 1 rnls 

1 2 6 
2 3 s 
3 s 6 
4 4 4 s 3 s 
6 3" 3 
7 2 4 
8 4 4 
9 3 6 

10 4 4 
11 .. 

3 5 
12 3 . s 

average 
shots 3.25 4.75 

· ·. . J';able 4: Golden Ratio Results 

~ .. ·. · ·. The results from Tab1~.4,-,sbow that this method takes 3.3 shots on average to achieve an · elimiate within s rnls. It should-be nodeect that, like the-bisection method. this method is Very . . . consistent and has no outliers.' .A pOint of interest about this method in comparison. to the . · . . · .· .. :: , . : ·. · · Bisection method is the difference-~ achieving an 'tltimate to within l rn/J versus S rnls. It takes more shots for The Golden Ratio Method than the,Bi.section Method to acliliwe an · : estimate to within S mls but ]j:~~;aJ;l9ts for 1 mla. . .· \ ' ·· . ! = . 

Residual Energy v The Angle of the Projectile Rei~mlilps 
'• . • J No estimates of the limit velocity are presented becaUse no significant relationships could be found between the residual energy and the angle of tho projectile. Out of the three factors, the yaw of the round gave the best relationship but it was ~U very insignificant and inccmsistent. The data supplied by ARL along with the calculated residual energy is located in Appendix H. Additionally, Appendix I contains a few sample regressions between beta and the residual energy. As mentioned earlier, yaw produced the most significant results, therefore only these results are shown because Ute other attempts proved fruitless. The exponential tread line is displayed because it was the oDly function tbBt could be possibly used for each da'- set. 

Residual Energy v YR RelationshijJs 

The first step for this method is to find a relatiODSbi.p between the residual cncqy llld the residUal velocity. For 5 data sets, a relationship of enough significance wu fOUDd to continue with the test. Appendix J showa a few ofthe 88111J)le regressions bCtween these two variables as well as sample calculations. Table 5 shows the results of'tbis method. · 
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I 
\ 

·. 

complete etTOr 
trial etrations shots mls 

1 4 6 27.905 
2 3 5 11.616 
3 3 5 78.353 
4. 3 8 168.3905 
5 4 9 260.2013 

6.6 109.2932 
Table 5: Residual Energy v VR Relationships Results 

This method produces very fickle results. Some testa show that an OJTOr of only 11.6 m/s 
can be reached by only taking 5 shots, but others result with a 260.2 mls OJTOr with 9 shots. '.The 
average results show this method can produce an estimate with an error of 109.3 m/s with 6.6 
shots. This test is automatically discarded because the eJTOr is larger than the bracket that the 
ballisticians can initially guess. ·. · · , . . . 

CONCLUSION :... . ' : ; ··· ... 
. . · . . :· ·. The Biseetion Method ~ the optimal method ·to find the limit velocity. Thil; metboc:Ns. ·. 

. . · .. -considered the best method based on cost, accuracy, and ~liability. The Biseetitm -Method is the · 
·. . cbeSpest ~y to find the limit velocity. Not ~y d~ t¥11 test not require any .. ~data . · · . 
. . , .. ~ll~ion equipment but it requires the ~:aup~t of ~.ots to ~ t}.1e test..:~ impoqantly, . 

this method provided the most ~urate results.· For a desired &.CCW'8CfY of 5 .m/~.~·Bisection: · ·. · · . · 
Method is able to achieve these results with every test Lastly, this method. it the.moit reliable as · 
well. Outliers do not exist in this method; plus Or min~. two shots, this method always returns 
811 accurate answer. 

The Golden Ratio Method places a close second. to The Bisection Method for the same 
three reasons discussed above. However, The Bisection Method is able to outperform the 
Golden Ratio Method for the number of shots to produce 811 estimate within 5 mls and thus The 
Bisection Method is chosen as the better of the two. 
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RECOMMENDATION 

The foJJowing algorithm should be applied for finding the limit velocity. 

1. ~Estimate the limit velocity and shoot at this. velocity. 

2. ~If a complete penetration occurs, use this velocity as the right limit. 
~If a complete penetration does not occur, use this velocity as the left limit. 

3. -Shoot the next shot at+ or- 15 mls of the left or right limit depending on the result of the first shot. 

4. -If the opposite result for the second shot occurs compared with the first shot, proceed with the bisection algorithm. 
-If the same result for the second shot occurs as compared with the first shot, take the next shot at+ or- 25 mls of the last shot in order to ensure a+ or-100 ml.s bracket is achieved. If the opposite result from the previous shots still does not oceur, continue taking shots at +or- 25 mls until a complete penetration or no penetration occurs, depending on what result is needed. Once a bracket of a complete penetration and no penetration is developed, proceed with the bisection algorithm. . .. . .. . 
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Appendix A 

The Jonas - Lambert Derivation 

S'!rf with the CODSeJVation of energy equation with an enw term describing the energy lost in 
the armor and fragments of the round penetrating through the armor. 

1 2 l 2 
-m1Y1 •-m,Y, +E 
2 2 

The variable B fqJresentB the energy at the limit velocity. Therefore E is equaJ to the kinetic energy of the roi.Did when ·the limit velocity OCCUI'I. 

The loau- Lambert Theorem ---·that tbe·JDIIa of the round doea not cJtanp at all points 
in the test Tbareforc IIlilS can be etiminated..fom.tbc equation. 

'· . . . 
I • 
•• I 

: .. 

. . 
..; .. ~ .. ·: , .: .. • .I • . · . 

l 2 ~ ... r. ·cr •. :.+'Yz. >.~ t-B:. . . .r: .. ~,.-;. .. ::• .. ~. ~, .:· .. · .•. 
.. There ia in error term added becauae aome of11ae 111UJDpf:ions used for the canceUatioa of the 

Dlllllilftnot exact. lonaa- Lambert tt.lc:lutDJee ~ 2'• to p'a ad adds an alpha term to . 
.tilrtlaerhelp describe aay error. 'Illelhud hD is: 
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AppendixB 

Residual Energy Derivation 

Start with the conservation of energy equation. The energy of the striking rowd, the left side of 
the equation, will equal the energy of the residual round plus the energy lost in the annor aDd 
with fragments of the round, the right side of the equation. 

1 2 "'I 2 -m,v, ="--m•V• +E 2 2 

The energy of the main piece of the residual round is then subtracted from both sides. There is 
no summation attached to the kinetic energy of the residual round because the term only deals 
with the main residual mass that penetrates the annor. Now the term on the right Side of the 
equation represents all of the energy that is lost into the atmor and through the kinetic energy in 
round fragments. 

At the limit velocity, the ~idWiJ velocity of the round will be 0. The equation is changed to t.bUr 
instance. The residual velocity goes.~ zero and 1he striking velocity becomes ·the liirrlt velocity. 

. : • ·; . . "I . 

. · . ·: · . 
. : . · "-m1 VL 2 = LE· 

' .! . '; .; . ~- '; ... ·. ·. ·'"' . 'I : ~ •• 
. ·' . ·I ',' •. • • '• ' 

This equation is manipulated to give the limit velocity as a function of the energy lost1111d the . 
mass of the striking round. 
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Appendix C 

Sample Bisecti~n Method Tests 

VL 
actual 

shot 1 
shot2 
shot3 

VL 
actual 

shot 1 
shot2 
shot3 .. . 

VL 
actuai 

shot 1 
shot2 
shot3 
shot4 

VL 
actual 

shot 1 
shot2 
shot3 

1366 

1350 
1375 

1362.5 

1083 

1050 
1075 

.1087.5 

1304 

1350 
1325 

1312.5 
1306.25 

1136 

1150 
1125 

1137.5 

left limit 

right limit 

left limit 

right limit 

left limit 

right limit 

left limit 

rlahtlimit 

' ~. • I . ~ . : . 

note- all velocities are measured in mls. 

' 

1300 

1400 

left riaht 
1300 1400 

1350 1400 

1350 1375 

Tnall 

1000 

1100 

. left right 
: .. 1000 1100 

1050 1100 
1075 1100 . 

Tnal2 

1300 
~, 

i'-400 

·left right 

1300 1400 

1300 1350 
1300 1325 

1300 1312.5 . Tna13 

1100 

1200 

left right 

1100 1200 

' 1100 1150 

1125 1150 

Tnal4 

87 

Tolerance 5 

Success? 
FeU 
Fan 
SUccess 

Tolerance 5 

Suc:cess? 
Fan 
Fall 

·;· Success 

Tolerance 5 
..... . 

SUccess? 
FaR 
FaD 
Fan 
SUccess 

Tolerance 5 

SUccass? 
FaD 
Fall 
Success 



AppendixD 

Supplied Data 

VA Vs a p 'lJ. actual 
293 1405 0.89 2.59 1373 
380 1383 
198 1378 
847 1437 
380 1123 0.9 2.49 1088 
359 1108 

91 1089 
~18 1330 0.88 2.39 1324 
383 1344 
473 1371 
824 1285 1 2.99 1184 

I 
~ . 

n2 1232 
538 1168 
818 1254 .. .0.88 2.59 1239 
419 1288 
581 1285 
801 1381' 

1046 1384 0.97 5.89 1355 
655 1370 

I. 

' ! 

note- all velocities are measured in mls. 
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Appendix.E 

Jonas- Lambert Calculations 

VR Va a Jl VLestlmate Error 293 1405 0.89 2.59 1392.25619 26.57185 360 1383 1360.596933 -5.08741 196 1378 1373.381776 7.697431 647 1437 1336.50248 -29.1819 360 1123 0.9 2.49 1087.672754 5.11327 359 1108 1072.183109 -10.3784 91 1089 1087.822589 5.263105 318 1330 0.86 2.39 1303.525227 -o.01379 383 1344 1302.999391 .0.53983 473 1371 1304.092447 0.553425 824 1285 1 2.99 1159.344867- 23.21948 772 1232 11 ~0.382441 -15.7428 536 1188 1128.848505 -7.4767 618 1254 0.88 2.59 1137.727821 -41.0315 419 1288 1249.301445 70.54218 581 1285 1177.459631 -1.29975 801 1381 .. 
1150.54833 -28.211 1048 1384 0.97 5.69 1318.302238 -23.6836 655 1370 '1385.869192 23.88348 

Data 

error SSE estimate shot 
1 938.0291 16806.04 2 '1383 264.3929188 3891.721 
3 1376 141.7757196 1217829 
4 
5 
6 

Sample Algorithm 

note - all velocities are measured in mla. 

89 

VL 
Average actual 
1365.684 1373 

1082.559 1088 

1303.539 1324 

1138.125 . 1164 
:' • ~~ I 

,_., 
1178,759 ::-;£.1239 

i ~ ~~· . 
~·~·,! i 

I 
,.,,., .. •· ~ 

13411986 -.::~·'1355 I 

' ... .. ... 

0.814753. 
2.180551 

1387.14 

" ...... 

' 

•' 
• • I' .. · ..• 
.... 1 ··:. . . 

.. ., 

•.. ..... 

.. ... .... ... . . ..... 

. :c .. .. 

0.89 
2.59! 
1373 



... ·.· ~ .: : . ... . . ... . . , ', · .. ::t . ·I 

~ .· 
.. ::· ..... ,. .. :·:: ·. ·.: .. ·. ;" : 

... ··-·· .. ~:· ... •" .. 

. '. 

' ·~· 

shot1 
shot2 
shot3 
shot4 

700 
800 
500 

~: 
200 
100 

0 
1380 

shot 1 
8hot2 
lhot3 

500 

400 

300 
~200 

100 

0 

AppendixF 

Ys v YR Calculations 

293 1366 
360 
196 
647 

y • 8880Ln(x) - 847155 

1380:' 1400 1420 

Va 

.. :. .. 
I vb esumat~t;f.-.343.48; I 

. ,.- .. :Trial,\ , ,. . , . . .......................... . 
; . \. 

'I • 8084.8Ln(x) -83iels 

10110 1090 1100 1110 1120 1130 . 

Va 

I vl estimale 110'74.171 I 
Trial2 

note -:- all velocities are measured in m/s. 
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Appendix G 

Sample Golden Ratio Method Tests 

xlo 1300 
Tolerance 5 

VL 
actual 1366 xhl 1400 

T xlo x1 x2 xhi shot Aooroxlmation Success? 0 1300 1338.2 1361.8 1400 1 1350 FaR 1 1338.2 1361.8 1376.392 1400 2 1369.1 Success Tnall 

xlo 1000 
Tolerance 5 

VL 
actUal 1083 X hi 1100 

t xlo x1 x2 xhl shot Aporoxfmatlon .. . SUccess? 0 1000 1038.2 .1061.8 1100 1 1050 ;Fall 1 1038.2 1081.8 1076.392 1100 2 1069.1 ~ ·;Fall 2 1061.8 1076.392 1085.408 1100 3 1080.9 :Success . Tnal2· 
.. 

xlo ·· · 1300 
-....,-

Toler.ance 5 
VL . . . actual 1304 xhl' .. 

1400 ., . .. 
.!' 

-. ' .. .. 
t xlo x1 x2 · xhl shot Approximation Suc:cass? 0 1300 1338.2 1361.8 1400 1 1350 Fall 1 1300 1323.808 1338.2 1381.8 2 1330.9 ·fall 2 1300 1314.592 1323.608 1338.2 3 1319.1 ··Fall 3 1300 1309.018 1314.592 1323.608 4 1311.8038 FaD 4 1300 1305.574 1309.018 1314.592 5 1307.2982 Success . Tna13 

xlo 1100 Tolerance 5 
VL 
actual 1136 xhi 1200 

t xlo x1 x2· xhi shot Approximation Succeas? 0 1100 1138.2 1161.8 1200 1 1150 Fall 1 1100 1123.808 1138.2 1181.8 2 1130.9 Fall 2 1123.608 1138.2 1147.211 1181.8 3 1142.7038 Fall 3 1123.608 1132.824 1138.2 1147.211 4 1135.409052 Success Trial4 

note- all velocities are measured in rnls. 
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AppendixH 

Data For The Residual Energy v The Angle ofthe Projectile Relationships 
m E beta V, actual . 196 62892549 05 1373 66.32 1383 6.38 360 63011343 0.34 0.25 0.25 66.25 1405 5.54 293 65151776 1.6 1.25 1 66.38 1437 6.21 647 67236540 0.89 0.5 0.75 66.2 1123 9.26 360 41143322 0.79 0.25 0.75 1088 66.29 1108 7.89 359 40182488 ·0.56 0.25 0.5 66.37 1089 6.91 91 39326178 0.34 0.25 0.25 65.78 1330 6.55 318 57847940 0.25 0 0.25 . 1324 65.79 1344 7.56 383 58884938 0.56 0.25 0.5 : 65.88 1371 5.73 473 61274391 0.7 0.5 0.5 ! . 65.75 1285 10.9 824 50583603 1 1 .. 0 1164 

I 
65.8 1232 10.96 772 48870417 0.56 0.5 0.25 

... 
'65.82 1168 7.39 536 43835053· .. 1.51 1.5 0.25 .. ' '66.22 10.45 618" 50070452 ·0.56 0.25 ! 

1254 
0.5 1239 

' . 
54151_(>95 I 

.. 
~ 86.05 1288 7.24 419 .. 1.58 1.5 0.5 

I 
··.· .. 66.03 1265 9.09 561 • 514()1021 . 0.75 0.75 0 85.97 1361 7.74 801" 58815812 0.89 0.75 .0.5 ., 

I 
.. . ... 

. . . 
' 

•• ,f· ·· .. 
' I 

l 
. .. . . .. 

I .. . ' .••• f .. t .. . . 

I 
• . .. .. . . ; . ":h ... .. 

I ! ; .. 

.{~ . 

; 

note- all velocities are measured in mls. 
I 

I 
! 
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Appendix I 

Sample Regressions For The Residual Energy v The Angle of the Projectile Relationships 

·68000000 

67000000 

66000000 

w 65000000 

84000000 

83000000 

82000000 

51000000 

50000000 
49000000 
48000000 

w 47000000 

46000000 
46000000 
44000000 
43000000 

0 0.5 

1st 'I = BE+OTe"-0111111 

~- 0.4837 

• gll11l'(l8 

• alpha 

bela 

-Expon. (beta) 

4th · y = 6E+OTe4-'4T41 

1.5 2 

5th 

~-0.8094 

• gemma 

• aiiN 
.. bite 

- Expon. (beta) 

y • M:.+f17e"-­
~-o.1423 

• gamma 

• llpta 
~ bela 

-Expon. {bata) 

note- gamma, alpha, and beta represent the resultant angle, pitch and yaw of the round, 
respectively 
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Appendix J 

Sample Regressions For The Residual Energy v JIR 

700 
600 
500 

.. 400 
>300 

200 
100 

0 

EvVr 
y • 5103.3Lr(x) - 91 

R2· 0.6933 

6E+07 6E+07 6E+07 7E+07 7Et07 7E+07 7E+07 
E 

EatVL ... 
VL m eetlmate v eetlmates v actual estlmete error 86.33 

86.32 
86.25 
86.38 

$ 

59995724.86 
59995124.86 
59995724.86 
59995724.86 

~ 

400 

300 

200 

100 

0 

1344.993395 
1345.094793 
1345.805221 
1344.488749 

Triall 

EvVr 

1373 1346.095 27.90498 

y • 5858.8Ln(x)- 1 
~ .. 0.7294 

• El. 
-Log. (EJ) 

39000000 39600000 40000000 40500000 41000000 41500000 
E 

88.2 38399896.01 1077.087803 1088 1078.384 11.6183 68.29 38399896.01 1076.356189 
88.37 38399896.01 1075.707293 

Trial2 
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600 

500 

400 
$300 

200 
100 

0 

EvVr 
y = 2615.2Ln(x)- 4641 

~= 0.9829 

• El 

-Log. (EI) 

57000000 58000000 59000000 60000000 61000000 62000000 

E 

E atVL VL 
m.~~ estimate v. estmates VL actual estimate en-or 

65.78 51061786.44 1245.994329 1324 1245.647 78.35257 
65.79 51061786.44 1245.899631 
65.88 51061786.44. 1245.048315 

Trial3 

note - all velocities are measured in m/s. 
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